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In this paper we consider the novel scenario where a spherically symmetric perfect fluid star is un-
dergoing continual gravitational collapse while continuously radiating energy in an exterior radiating
spacetime. There are no trapped surfaces and the collapse ends to a flat spacetime. Also the collaps-
ing matter obeys the weak and dominant energy conditions at all epoch. Our analysis transparently
brings out the role of the equation of state as well as the bounds on the thermodynamic potentials
to realise such a scenario. We argue that, since the system of Einstein field equations allows for such
a scenario for an open set of initial data as well as the equation of state function in their respective
functional spaces, these models are generic and devoid of the problems and paradoxes related to
horizons and singularities. The recent high resolution radio telescopes should in principle detect the
presence of these compact objects in the sky.
PACS numbers: 04.20.Cv, 04.20.Dw
I. INTRODUCTION
When a continually collapsing star crosses it’s own
Schwarzschild radius, it gets trapped. For all the col-
lapsing shells, ingoing as well as outgoing null wavefronts
normal to these shells converge and hence the matter
must collapse to a central singularity. Existence of
these closed trapped 2-surfaces (the collapsing shells
after crossing the Schwarzschild radius) is key to all the
singularity theorems developed by Hawking, Penrose
and Geroch [1]. The process of formation of trapped
surfaces, trapped regions and the boundary of these
trapped regions, is also central to the black hole physics.
In the context of general relativity, these were first
highlighted by Oppenheimer, Snyder and Datt (OSD)
[2], for collapse of a pressureless homogeneous dust.
It was shown that the entire star gets trapped much
before the formation of the central singularity and
hence the central singularity can never be seen by far
away observers. Although the OSD model is extremely
idealised, Penrose argued that any realistic gravitational
collapse should be qualitatively similar to this model
which became his famous cosmic censorship conjecture
[3].
This censorship conjecture has no formal mathemati-
cal proof/disproof till now. However there are numerous
counterexamples for which the idealised picture of the
OSD collapse does not hold. There are possibilities
of naked singularities that can be visible to faraway
∗Electronic address: goswami@ukzn.ac.za
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observers, before being trapped ( see for example [4]
and the references therein). In all these examples
the formation of trapped surfaces are delayed by the
presence of matter shear or Weyl curvature [5], so that
part of the singularity becomes naked. But still, in all
these counterexamples the trapped surfaces are present
in the spacetime.
Another novel picture of gravitational collapse of a
massive star was first considered by [6], where a collaps-
ing star is continuously radiating and losing it’s mass,
and therefore the surface of the star never crosses the
Schwarzschild radius. There is no trapped region in the
spacetime, and when the shells reach the central point,
all the matter is radiated away, leaving a flat spacetime.
The exact mechanisms by which the collapsing star can
transfer radiation/matter to the external spacetime was
studied by numerous authors thereafter. One can match
the collapsing star with a non-comoving (evaporating)
boundary to a purely radiating Vaidya exterior [7–12].
The matching can also be done at a comoving stellar
boundary to a generalised Vaidya exterior (see [13] and
the references therein). The matter form for all the
models considered in this scenario are very specific,
like a specific kind of self interacting scalar field [14],
or matter fields that have a specific form of negative
pressures in the later stages of collapse.
In this paper, we carefully investigate the role of the
equation of state for the isentropic perfect fluid stellar
matter, that can give rise to a collapse without any
trapping together with the weak and dominant energy
conditions being satisfied. Our analysis brings out
transparently the classes of equation of state functions
as well as the bounds on the thermodynamic potentials
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2to realise such a scenario. We explicitly relate our
results to the enthalpy and acceleration potentials of
the collapsing matter. We show that these classes have
non-zero measure in the function space. Therefore,
these models are generic in nature and devoid of the
problems or paradoxes related to horizons and singular-
ities. The recent high resolution radio telescopes (like
Event Horizon Telescope) should in principle detect the
presence of these compact objects in the sky as the
observational signatures of these continually collapsing
but non-trapped compact objects will definitely be
different from those of a black hole.
The paper is organised as follows: In the next section
we describe the field equations along with the regularity
and energy conditions for the collapsing matter. Section
3 presents the general solution of the collapsing perfect
fluid in terms of the thermodynamic quantities. Section
4 establishes the conditions for no-trapping, with some
specific examples. In section 5 we transparently relate
our results to the thermodynamic potentials of the
collapsing matter. Finally in the last section we give
some concluding remarks about the final fate of the
models we have considered here.
II. THE SPHERICAL COLLAPSING STAR:
FIELD EQUATIONS AND REGULARITY
CONDITIONS
We present a general line element for a spherically sym-
metric distribution of a collapsing perfect fluid in comov-
ing spherical coordinates (xi = t, r, θ, φ) as
ds2 = −e2ν(t,r)dt2 + e2ψ(t,r)dr2 +R2(t, r)dΩ2. (1)
For a perfect fluid, the energy-momentum tensor is given
by
T tt = −ρ(t, r), T rr = T θθ = Tφφ = p(t, r). (2)
The quantities ρ and p represents the energy density
and pressure respectively for the matter cloud. The weak
energy conditions are then considered to have been met
by the matter fields. Thus, implicating that the en-
ergy density (as measured by any local observer) is non-
negative and hence for any time-like vector V i we must
have
TikV
iV k ≥ 0, (3)
which simplifies to ρ ≥ 0 and ρ+ p ≥ 0.
We define the Misner-Sharp mass for the collapsing
star (which is the mass inside a given comoving radius r,
at a given time t) as,
F = 1−R,aR,a = 1−G+H, (4)
where
G(t, r) = e−2ψ (R′)2 , (5)
H(t, r) = e−2ν
(
R˙
)2
. (6)
In terms of this mass function the Einstein field equations
are given as,
F ′ = ρR2R′, (7)
F˙ = −pR2R˙, (8)
p′ = −ν′ (ρ+ p) , (9)
R′G˙ = 2R˙ν′G, (10)
Note that (˙) and (′) depicts partial derivatives with
respect to t and r respectively. We impose the condition
F (ti, 0) = 0 to preserve regularity at the initial epoch.
Since we want to investigate the collapsing class of so-
lutions to the Einstein equations, we must impose the
condition R˙ < 0 on the area radius R. This imposition
results in the area radius of all shells of the continual col-
lapsing cloud to monotonically diminish to zero (form-
ing the spacetime singularity), R(ts(r), r) = 0 and where
time t = ts(r) is the time taken for a shell labelled r
to reach the singularity. At the time t = ti, the radius
R = r, due to the use of the scaling freedom for the ra-
dial coordinate r. We proceed with an arbitrary scaling
function,
a(t, r) ≡ R
r
, (11)
resulting in,
R(t, r) = ra(t, r), (12)
a(ti, r) = 1, (13)
a(ts(r), r) = 0, (14)
where a˙ < 0. The regularity conditions suggests that
F ≈ r3 close to the center. The normal structure of F is
thus,
F (t, r) = r3M(r, a), (15)
where we have M(r, a) to be some general function as
restricted by the regularity conditions and energy condi-
tions.
III. THE METRIC AS A FUNCTION OF
THERMODYNAMIC QUANTITIES
To obtain the general solution of the metric functions
in terms of the thermodynamic quantities at any epoch,
we perform a change of variables from (t, r) to (a, r). In
that case for any function Φ(t, r), we must have
Φ˙ = Φ,aa˙, (16)
Φ′ = Φ,r + Φ,aa,r. (17)
3Also for integrating theG01 = T
0
1 equation (10), we define,
ν′
R′
≡ A(r, a),a, (18)
where A(r, a) is an arbitrary function of the coordinates
r and a. Now we can directly integrate equation (10) to
obtain
G(r, a) = [1 + r2b0(r)]e
2rA, (19)
where b0(r) is a free function of integration. Therefore
from (6) we have,
e2ψ =
(R′)2
[1 + r2b0(r)]e2rA
. (20)
Now we can rewrite the definition of the Misner-Sharp
mass in terms of these new variables in the following way:
√
aa˙ = −eν
√
e2rAab0(r) + ah(r, a) +M(r, a), (21)
where we have defined
h(r, a) =
e2rA − 1
r2
. (22)
Integrating (21) we obtain the equation for the time taken
for a shell labelled ‘r’, to reach the epoch ‘a’ as
t(a, r) =
∫ 1
a
√
ada
eν
√
e2rAab0 + ah+M
. (23)
The above is the solution for the scaling function a(t, r) in
the integral form. This immediately gives the singularity
curve ts(r), which is the collapse end time where the shell
labelled ‘r’ diminishes to zero area radius (R = 0),
ts(r) =
∫ 1
0
√
ada
eν
√
e2rAab0 + ah+M
. (24)
We now have to relate the function A(r, a) to the ther-
modynamic variables of the collapsing matter. To do so,
we first write the G00 = T
0
0 and G
1
1 = T
1
1 equations in
terms of the new variables
ρ =
3M + r[M,r +M,aa
′]
a2(a+ ra′)
, (25)
p = −M,a
a2
. (26)
Substituting M,a into the density equation (25) and re-
arranging, we find,
a′ =
3M + rM,r − ρa3
ra2(ρ+ p)
. (27)
To solve A we first find a′ from the definition (18) and
(10) to obtain,
A,aR
′ = − (p,r + p,aa
′)
p+ ρ
, (28)
a′ =
−p,r − (p+ ρ)A,aa
r(p+ ρ)A,a + p,a
. (29)
We equate (27) and (29) to solve for A,a,
A,a =
−p,r[ra2(ρ+ p)]− [3M + rM,r − ρa3]p,a
[3M + rM,r − ρa3][r(ρ+ p)] + [ra3(ρ+ p)2] ,
(30)
where p,r = c
2
sρ,r and p,a = c
2
sρ,a, where cs is the speed
of sound. Therefore we can write the function A(r, a) as
A =
∫ a
1
−p,r[ra2(ρ+ p)]− [3M + rM,r − ρa3]p,a
[3M + rM,r − ρa3][r(ρ+ p)] + [ra3(ρ+ p)2]da.
(31)
Now we can immediately write the metric function eν as
eν = exp
{∫ r
0
XY
Z
}
dr (32)
where X = −p,r[ra2(ρ + p)] − [3M + rM,r − ρa3]p,a,
Y = 3M + rM,r + a
3p and finally the last variable is
Z = [ra2(ρ+ p)2][3M + rM,r−ρa3 +a3(ρ+ p)]. We note
that the solution of M depends on the equation of state
p = p(ρ). Once the equation of state is supplied, then all
the metric functions can be written explicitly in terms of
the thermodynamic quantities of the collapsing matter
field.
IV. CONDITIONS FOR NO-TRAPPING
It is well known that for any spherically symmetric
spacetimes, a shell labelled ‘r’ is trapped, if the Misner
Sharp mass enclosed by the shell is greater than the area
radius of the shell. Therefore the spherical 2-surface la-
belled by the co-ordinate ‘r’ is trapped if F > R whereas
when F < R the surface is not trapped. It is obvious
then, that the boundary of the trapped region or the ap-
parent horizon is described by the equation
F = R . (33)
For a continual collapsing matter cloud, regularity con-
ditions imply the avoidance of trapped surfaces at the
initial epoch. When the boundary of this cloud is r = rb
and we enforce the condition M0(rb)
2 < 1. Then the
avoidance of trapped surfaces for any shell r ≤ rb occurs
at t = ti. If we want to avoid trapping in the complete
spacetime we must ensure that througout the spacetime
F < R. (34)
This obviously implies that
G−H > 0. (35)
Using the definition for the function H, we then obtain
G− e(−2ν)(R˙)2 > 0, (36)(√
G− e(−ν)R˙
)(√
G+ e(−ν)R˙
)
> 0. (37)
Since R˙ < 0 during collapse we then find (37) to be,
−e(−ν)R˙ <
√
G. (38)
4We can now summarise the conditions for no-trapping in
the following way:
Proposition 1. For continually collapsing spherically
symmetric perfect fluid with energy density ρ(r, a) and
pressure p(r, a) with r ∈ [0, rb] and a ∈ [0, 1], if the fol-
lowing conditions are satisfied:
1. ρ > 0 and ρ+ p ≥ 0 ∀ r ∈ [0, rb] and ∀ a ∈ [0, 1],
2. p(r, 1) > 0 for all r ∈ [0, rb],
3. r
√
e2rAb0 + ah+M <
√
a(1 + r2b0)e
rA, ∀ r ∈
[0, rb] and ∀ a ∈ [0, 1], where the function A(r, a) is
given by equation (31),
then the collapsing spacetime will be devoid of any trap-
pings in spite of the weak energy condition being satisfied
by the collapsing matter.
The second condition above, is to ensure that the col-
lapse commences with positive pressure. However in the
process of collapse the pressure can be negative without
violating the energy conditions. The above conditions get
remarkably simple in the case of homogeneous collapse,
given by the FLRW metric
ds2 = −dt2 + a2(t) (dr2 + r2dΩ2) . (39)
In this case the equation G00 = T
0
0 can be directly inte-
grated to give
M =
1
3
ρa3. (40)
Integrating the energy conservation equation
ρ˙ = −3 a˙
a
(ρ+ p(ρ)) , (41)
gives,
a = exp
[
−1
3
∫ ρ
ρ0
dρ
ρ+ p
]
. (42)
The condition for no trapping is now given by (as F is a
monotonic function of r at any given epoch)
rb
3M
rba
< 1. (43)
Using equations (40, 42) the condition becomes
ρ <
3
rb2
exp
[
2
3
∫ ρ
ρ0
dρ
ρ+ p
]
. (44)
To show that the set of equations of state which ensures
such behaviour is indeed non-empty and open set, we
explore the equation of state
p(ρ) = p0 + p1ρ, (45)
where p0 and p1 are constants. Then we can directly
integrate equation (44) to get the condition
1 <
3
rb2
(p0 + ρ+ p1ρ)
(
2
3(1+p1)
)
ρ
. (46)
We immediately see that for the above condition to be
satisfied we must have p1 < 0, and we can always choose
p0 and p1 in such a way that at the initial epoch pres-
sure is positive but at later stages it becomes negative,
although the energy conditions are satisfied.
V. RELATING TO THE THERMODYNAMIC
POTENTIALS
As defined in [15], for reversible flows of isentropic per-
fect fluid with the barotropic equation of state p = p(ρ),
the enthalpy W and acceleration potential A, can be de-
fined in the following way:
W = exp
{∫ ρ
ρ0
dρ
3(ρ+ p)
}
, (47)
A = exp
{∫ p
p0
dp
(ρ+ p)
}
. (48)
These potentials relate directly to the energy and mo-
mentum conservation equations respectively. In fact,
from equation (10) we can immediately see that at a given
epoch t = t0, we can write
A = e−ν . (49)
This proves that for homogeneous spacetimes A = 1 and
the dynamics of the spacetime is governed only by the
matter enthalpy. In terms of the matter enthalpy the
condition for no-trapping for homogeneous matter can
be stated in a very compact way:
Proposition 2. For a collapsing spherically symmetric
homogeneous perfect fluid cloud, if the matter energy den-
sity is strictly bounded by the matter enthalpy by the fol-
lowing relation
ρ <
3
rb2
W 2 , (50)
then there will not be any trapped surfaces in the space-
time.
For inhomogeneous spacetimes the relation is more
complicated. However, at any given epoch, we can re-
late the function A to the acceleration potential as
[lnA]′ = −Aa
(
a+
3M + rM,r − ρa3
a2(ρ+ p)
)
. (51)
Also, for inhomogeneous spacetimes the matter enthalpy
is written in terms of the metric functions as
W = exp
{
−1
3
∫ t
t0
e−ν
(
ψ˙ + 2
a˙
a
)
dt
}
. (52)
5Using the above two equations we can implicitly relate
these potentials to Proposition 1, to see the role of these
potentials in avoidance of trapped surfaces.
VI. DISCUSSIONS: THE FINAL FATE OF THE
COLLAPSE
In the previous two sections we gave the conditions on
the equations of state, thermodynamic quantities and po-
tentials that ensures no trapped surfaces in the collapsing
perfect fluid spacetime. The next obvious question would
be, what will be the final outcome of such a collapse?
This question is important, because if the final fate is a
strong curvature naked singularity (the singularity has
to be naked in the absence of trapping), then these mod-
els would definitely be unphysical. The key property of
these models are: the collapsing matter cloud continu-
ously throws out radiations and matter in an external
radiating spacetime, such that the cloud never crosses
it’s own Schwarzschild radius. Thus, to determine the
final outcome we must take into account the external ra-
diating spacetime. One of the most common spacetimes
that can be matched with the interior across a comoving
boundary r = rb, is the generalised Vaidya spacetime,
ds2+ = −
(
1− 2M(v, rv)
rv
)
dv2 − 2dvdrv + r2vdΩ2 . (53)
This spacetime describes a combination of Type I and
Type II matter fields and therefore is ideally suited for
our model. Matching the first and second fundamental
forms across a co-moving matching surface gives[
F
R
]
int
=
[
2M(v, rv)
rv
]
ext
. (54)
Now as by construction the LHS of the above equation
is restricted to be less than unity, so will the RHS. There-
fore for any observer at the exterior spacetime the limit of
the generalised Vaidya massM(v, rv), to the generalised
Vaidya radius rv (at the central singularity rv = 0), must
be a non-negative number less than unity. This will then
give rise to two possible end states:
1. If the limit is non-zero, there will be a naked conical
singularity at the centre. These are weak curvature
singularities and can be resolved by extending the
spacetime through them.
2. If the limit goes to zero, then there is no singularity
and the collapse ends to a flat spacetime.
Thus in both cases the collapse ends in a flat spacetime.
Fig. 1 describes the schematic diagram of the complete
spacetime considered here. An important point to note
here is that there exist open sets of equation of state
functions in the functional space and also open sets of
initial data, for which these models are possible. There-
fore the classes of these models have non zero measure
FIG. 1: A schematic diagram of the complete spacetime.
in the respective function spaces. Therefore, these mod-
els are generic in nature and devoid of the problems and
paradoxes related to horizons and singularities. Hence, in
principle, these can describe certain kinds of astrophys-
ical collapsing objects, which can be detected by recent
high resolution telescopes.
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